We study one-way quantum deficit of two-qubit X states systematically from analytical derivations. An effective approach to compute one-way quantum deficit of two-qubit X states has been provided. Analytical results are presented as for detailed examples. Moreover, we demonstrate the decoherence of one-way quantum deficit under phase damping channel.
information [29] . It is also equal to the difference of the mutual information and the classical deficit [30] . The analytical formula of one-way quantum deficit [28, 29] , like quantum discord, remains unknown. In Ref. [31] the quantum deficit of four-parameter two-qubit X states has been calculated. Numerical results for five-parameter X states are presented in Ref. [32] . In this paper, by using different approaches, we systematically compute the one-way quantum deficit for general two-qubit X states in terms of analytical derivations. Analytical results are presented for classes of detailed quantum states. Decoherence of one-way quantum deficit under phase damping channels is calculated too.
II. ONE-WAY QUANTUM DEFICIT OF TWO-QUBIT X STATES
We consider two-qubit states ρ AB in Hilbert space H 2 A ⊗ H 2 B . The one-way quantum deficit [33] is defined according to the minimal increase of entropy after measurement on B,
where the minimum is taken over all measurement operators {M k } satisfying k M k = 1, S(ρ) = −Trρ log 2 ρ is von Neumann entropy. It is equal to the thermal discord [34] . It is also denoted by the relative entropy to the set of classical-quantum states [29] .
Since the quantum correlations between A and B do not change under the local unitary operations, we consider ρ AB in the Bloch representation as
where σ i (i = 1, 2, 3) are the Pauli matrices, x, y, t 1 , t 2 and t 3 are real number. Equivalently under the computational bases {|00 , |01 , |10 , |11 },
where
ρ AB is called two-qubit X state, in which the parameters satisfy the relations a, b, c, d, e, f ≥ 0,
It is easily verified that S(ρ AB ) in (1) is given by S(ρ AB ) = − ± (u ± log 2 u ± + v ± log 2 v ± ),
For arbitrary rank-two two-qubit states, the projective measurements are optimal to minimizes the von Neumann entropy [35] . They are also almost sufficient rank-three and four two-qubit states [36] . In the following, we focus on projective measurements. Let M k be the local measurement
matrices. Generally V can be expressed as V = tI + i y · σ, where t ∈ R and y = (y 1 , y 2 , y 3 ) ∈ R 3 satisfy y 2 1 + y 2 2 + y 2 3 + t 2 = 1. After measurement the state ρ AB is transformed to the ensemble {ρ k , p k } with
and 
with z 2 1 + z 2 2 + z 2 3 = 1. Therefore the one-way quantum deficit (1) is given bỹ
Then
Because λ i is the eigenvalue of the density matrix,
The one-way quantum deficit is given by the minimal value of G(θ, ϕ). We observe that
is symmetric with respect to θ = π/2 and ϕ = π. Therefore, we only need to consider the case of
The extreme points of G(θ, ϕ) are determined by the first partial derivatives of G with respect to θ and ϕ,
with
and
Since H ϕ is always positive, ∂G ∂ϕ = 0 implies that either sin 2ϕ = 0, namely, ϕ = 0, π/2, for any θ, or θ = 0 for any ϕ which implies that (14) is zero at the same time and the minimization is independent on ϕ. If θ = 0, one gets the second derivative ∂ 2 G/∂ϕ 2
Since for any θ the second derivative ∂ 2 G/∂ϕ 2 is always negative for ϕ = π/2, we only need to deal with the minimization problem for the case of ϕ = 0. To minimize G(θ, ϕ) becomes to minimize G(θ, 0) which can be written as G(θ, 0) = − 2 j,k=1 w j,k log 2 w j,k with
The derivative (14) is zero for either sin θ = 0 or H θ = 0. sin θ = 0 gives an extreme point θ = θ e = 0. While H θ = 0 has the one obvious solution θ e = π/2 and a special solution θ s that depends on the density matrix entries. The optimization problem is then reduced to study the second derivative of G(θ, 0) with respect to θ evaluated at the critical angles θ e = 0, π/2 and θ s .
Denote H θ = ∂H θ /∂θ. The second derivative ∂ 2 G/∂ 2 θ = −(cos θ H θ + sin θ H θ )/4 evaluated at the three θ e s depends on the behavior of two quantities,
The sign of H 0 and H π/2 determines which of G(0, 0), G(π/2, 0) and G(θ s , 0) is the minimum.
(1) If H 0 > 0 and H π/2 > 0, then θ s takes values in (0, π/2). In this case, the minimum of G(θ s , 0) depends on the state. For given ρ AB , θ s can be calculated numerically from H θ = 0.
(2) Otherwise, we have the minimum either G(0, 0) or G(π/2, 0),
, and
where L(w) = −w log 2 w − (1 − w) log 2 (1 − w) is the binary entropy. Thus, we have the following result: one-way quantum deficit of ρ AB is given bỹ
By careful numerical analysis, there is at most one zero point of first derivative of G(θ, 0) with respect to θ, and only when H 0 > 0 and H π/2 > 0, one gets the minimum inside the interval θ s ∈ (0, π/2). Therefore, we can obtain the analytical minimum of G at θ = 0, π/2 or θ = θ s . In the following we present some detailed examples.
Example 1. Consider the class of special X states defined by
By using the Bloch sphere representation, from (21) and (22) we have
The case that both H 0 (q) > 0 and H π/2 (q) > 0 happens only in interval q ∈ (1/2, 0.67), see 
see Fig.1 
(b).
Example 2. We consider the state
with |φ + = (|00 + |11 )/ √ 2. and
For this case we have
For α = 1/3 both H 0 (α) and H π/2 (α) are equal to zero. There is no domain of α such that both H 0 > 0 and H π/2 > 0, see Fig. 2(a) . Hence we can easily obtain the analytical expression of one-way quantum deficit for ρ α ,
see Fig.2(b) for the analytical expression of one-way quantum deficit vs α.
Example 3. Consider the Bell diagonal state,
We have
Since log 2 1+|t 3 | 1−|t 3 | > 0 and tanh −1 (|t 1 |) > 0, H 0 and H π/2 cannot be greater than zero simultaneously.
We obtain the analytical expression min{G(0, 0), G(π/2, 0)}, and
Therefore min{G(0, 0), G(π/2, 0)} = 1+L( 1+t 2 ), where t = max{|t 1 |, |t 3 |}. In fact, for Bell-diagonal states, the optimization is ontained at t 3 = ±t 1 or t 3 = ±t 2 [22] . Therefore, we recovered the result in Ref. [31] where t = max{|t 1 |, |t 2 |, |t 3 |}.
III. ONE-WAY QUANTUM DEFICIT UNDER DECOHERENCE
A system undergoes environmental noises can be characterized by Kraus operators. We consider quantum two-qubit systems subjecting to dephasing channels described by the Kraus operators
1|, where γ = 1 − e −τ t and τ is phase damping rate [37] . Under the channel the ρ AB is changed to be We see that t 1 and t 2 have been transformed to (1 − γ) 2 t 1 and (1 − γ) 2 t 2 . We have
where Υ = (1 − γ) 2 t 1 . It is direct to verify that G(0, 0) exactly given by (23) . While G(π/2, 0) has the following form,
As an example, taking x = 0.45, y = 0.32, t 1 = 0.43, t 2 = 0.09 and t 3 = 0.15, we can observe the one-way quantum deficit under phase damping channel, see Fig. (3) . It should be emphasized that the exact boundaries exist between three different branches and sudden transitions occur in the phase damping channel.
IV. SUMMARY
We have provided an effective approach to get analytical results of one-way quantum deficit for general two-qubit X states. Analytical formulae of one-way quantum deficit have been obtained in general for states such that min{G(0, 0), G(π/2, 0)}. It has been shown that only in very few cases, the conditions H 0 > 0 and H π/2 > 0 are satisfied. Even in such special cases, the one-way quantum deficit can be easily calculated by solving θ s from a one-parameter equation. We have also studied the decoherence of one-way quantum deficit under phase damping channel. As for a detailed example, it has been shown that the one-way quantum deficit changes gradually phase damping channel. There is no behavior like sudden death of quantum entanglement.
